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$(L, \langle\cdot, \cdot\rangle)$ lattice . $L$ { theta (
$\sum_{v\in L}$
q $\langle$v,v$\rangle$ $= \sum_{n=0}^{\infty}c_{n}q^{n}$ ,
. lattice
$c_{n}=\#\{v\in L|\langle v, v\rangle=n\}$ .
. $D=\{q\in \mathrm{C}||q|<1\}$ , $q$
. theta modular .
1.2 $D$ $H$
$\tau$ $H=\{\tau\in \mathrm{C}|{\rm Im}\tau>0\}$ , $q=e^{2\pi\sqrt{-1}\tau}$ (
) . $\Gamma\subset SL_{2}(\mathrm{Z})$ .
$f$ : $Harrow \mathrm{C}$ modular
$f((a\tau+b)(c\tau+d)^{-1})=\chi(\gamma)^{-1}(c\tau+d)^{k}f(\tau)$ $\gamma=\in\Gamma$





cusp $\Gamma$ ( $\chi$ ) weight $k$
( ) ,
$T=,$ $S=\in SL_{2}(\mathrm{Z})$
. $SL_{2}(\mathrm{Z})$ $T$ $S$ . $f$ $q$ ( )
, $T$ modular $(\tau\mapsto\tau+1)$
cusp $\sqrt{-1}\infty\in\overline{\Gamma\backslash H}$ , $S$ modular
$(\tau\mapsto-1/\tau)$ $SL_{2}(\mathrm{Z})$ .
modular . \vdash .
$D\fallingdotseq$ $\langle T\rangle\backslash H$ $\langle S\rangle\backslash D\fallingdotseq$ $\langle S, T\rangle\backslash H=\Gamma\backslash H$
.
1.3 $H$ $G$
$G=SL_{2}(\mathrm{R})$ , $K=SO(2)=\{u(\theta)|0\leq\theta<2\pi\}\subset G$ .
$u(\theta)=$ . $K$ $G$
. $G$ $H$ , $i=\sqrt{-1}\in H$
$K$ . , $\sqrt{-1}$ $\dagger \mathrm{E}$ $H=G/K$ .
, $\Gamma\backslash H=\Gamma\backslash (G/K)=\Gamma\backslash G/K$ .
\vdash . .
$\tau=x+\sqrt{-1}y\in H$ ( , $b(\tau)=[\sqrt{y}0$ $1/^{0}\sqrt{y}.]\in G$
. $b(\tau)\cdot\sqrt{-1}=\tau$ .
weight $k$ $f$ ,
$F(b(\tau)u(\theta))\cdot=(\sqrt{y}e^{-\sqrt{-1}\theta})^{k}f(\tau)$ $\tau\in H,$ $u(\theta)\in K$
. $G$ $b(\tau)u(\theta)$ $C^{\infty}$
$F:Garrow \mathrm{C}$ . .
Proposition 1 $f$ (weight $k$ ) $F$
3 .
(a) $F(gu(\theta))=e^{-\sqrt{-1}k\theta}F(g-)$ $u(\theta)\in K$ .
(b) $J^{-}F=0$ .




double coset space $\Gamma\backslash G/K$
$F$ . $F$
$\Gamma\backslash G/K=(\Gamma\backslash G)\mathrm{x}_{G}(G/K)$
, $F$ $G/K$ $\Gamma\backslash G$
.
. $(R, V)$ Lie $G=SL_{2}(\mathrm{R})$
. $dR$ Lie $\mathfrak{s}\mathfrak{l}_{2}(\mathrm{R})$ .
Lie $\mathfrak{s}\mathfrak{l}_{2}(\mathrm{C})$ , $dR$ .
Proposition 2 $v\in V,$ $\phi\in V^{*}$ .
$(\mathrm{a}’)$ R(u( )v $=e^{-\sqrt{-1}k\theta}v$ for all $\theta\in \mathrm{R}$ .
$(\mathrm{b}’)dR(J^{-})v=0$ .
$(\mathrm{c}’)\phi \mathrm{o}R(\gamma)^{-1}=\chi(\gamma)\phi$ for all $\gamma\in\Gamma$ .
, (matrix coefficient)
$F(g)=\phi(R(g)v)$ $(g\in G)$
Proposition 1 3 (a),(b),(c) .
, $F$ .
(0) $(R, V)$ ( ) .
(1) $(\mathrm{a}’),(\mathrm{b}’)$ $v\in V$ . .
(2) $(\mathrm{c}’)$ $\phi\in V^{*}$ .
Rernark 3 $V$ , $G=SL_{2}(\mathrm{R})$ (
$H$ ) , $(\mathrm{c}’)$ $\phi\in V^{*}$
. , , $(\mathrm{a}’)(\mathrm{b}’)+(\mathrm{c}’)$
.
$(R, V)$ ? , theta
$V$
?
$(R, V)$ We .
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1.5 $v$ ( )
2 .
$J_{0}=$ $\}J^{-}=\frac{1}{2}[\sqrt{-1}1$ $-\sqrt{-1}1],$ $\mathcal{J}^{+}=\frac{1}{2}[-\sqrt{-1}1$ $\sqrt{-1}1]$ ,
$Z=\sqrt{-1}\mathcal{J}_{0}\in\epsilon 1_{2}(\mathrm{C})$ , , $\{\mathcal{J}_{\mathrm{J}}^{+}Z, \mathcal{J}^{-}\}$ $\epsilon 1_{2}$-triple .
$[Z, J^{+}]=2J^{+},$ $[Z, J^{-}]=-2J^{-},$ $[J^{+}, J^{-}]=Z$
. \vdash . $(\mathrm{a}’)$ $(\mathrm{a}’’)$
{ , $(\mathrm{a}’’’)$ .
$(\mathrm{a}’’)dR(J_{0})v=-\sqrt{-1}kv$ .
$(\mathrm{a}’’’)dR(Z)v=kv$ .
$v\in V$ $(\mathrm{a}’’’)$ weight $k$ weight vector
. , (b) $f$ (Cauchy-Riemann )
, $(\mathrm{b}’)$ $v\in V$ lowest vector , , 2
$(\mathrm{a}’’’)(\mathrm{b}’)$ $v\in V$ weight $k$ lowest weight vector
. , $(R, V)$ lowest weight vector $v$
( $=\mathrm{l}\mathrm{o}\mathrm{w}\mathrm{e}\mathrm{s}\mathrm{t}$ weight ) .
1.6 Weil
$(E, \langle\cdot, \cdot\rangle)$ quadratic space . $E$
, $\langle\cdot, \cdot\rangle$ $E\vdash_{-}$ 2 . $\kappa:=\dim E$ .
, ( $\varphi\in L^{2}(E),$ $\xi\in E$ )
$(R()\varphi)(\xi)$ $=$ $a^{\kappa/2}\varphi(a\xi)$ , $(a>0)$
$(R()\varphi)(\xi)$ $=$ $e^{\sqrt{-1}\pi b\langle\xi,\xi\rangle}\varphi(\xi)$ , $(b\in \mathrm{R})$
$(R()\varphi)(\xi)$ $=$ $\int_{E}e^{2r\mathrm{r}\sqrt{-1}\langle\xi,\eta\rangle}\varphi(\eta)d\eta$ . .
$SL_{2}(\mathrm{R})$ $L^{2}(E)$ $(\mathrm{c}.\mathrm{f}. \S 1.7)$ .
$L^{2}(E)$ unitary $(R, L^{2}(E))$ $SL_{2}(\mathrm{R})$
unitary . $SL_{2}(\mathrm{R})$ We .
“ ” Lie $g[_{2}(\mathrm{R})$
. $L^{2}(E)$ “ ”
, . $S(E)$
Schwartz ( ) $S(E)\subset L^{2}(E)$ dense






We $\dim E$ $R$ $SL_{2}(\mathrm{R})$ (
$R(g_{1}g_{2})=R(g_{1})R(g_{2})$ ) , $\dim E$ $SL_{2}(\mathrm{R})$
( $R(g_{1})R(g_{2})$ $R(g_{1}g_{2})$ ) .
$SL_{2}(\mathrm{R})$ 2 $\tilde{S}L_{2}(\mathrm{R})$ , (1
) .
. \S 1.5 $(\mathrm{a}’’)$ $\S 1.7(\mathrm{a}’’)$ ,





Proposition 2 $(\mathrm{a}’)$ , $u(\theta)$ $\theta\in \mathrm{R}/2\pi \mathrm{Z}$
parametrize , ( $k$ ) $e^{-\sqrt{-1}k\theta}$
$\theta\in \mathrm{R}/2\pi \mathrm{Z}$ [ well-defined 1) {
. $K\cong \mathrm{R}/2\pi \mathrm{Z}$ $\tilde{K}\cong \mathrm{R}/4\pi \mathrm{Z}$ $\tilde{K}arrow K$
2 , $\tilde{K}\ni\theta\mapsto e^{-\sqrt{-1}k\theta}\in U(1)$ well-defined . $K$
$G$ homotopic $K$ $G$ , $\tilde{K}$
$\tilde{G}$ . $G$ $\tilde{G}$
.




$(E, \langle\cdot, \cdot\rangle)$ $O(E)$ .
$O(E)=\{g\in GL(E)|\langle g\xi, g\xi\rangle=\langle\xi, \xi\rangle)(\xi\in E)\}$ .
$O(E)$ $L^{2}(E)$ ,
$L^{2}(E)^{O(E)}=$ { $f\in L^{2}(E)|f\mathrm{o}g=f$ for all $g\in O(E)$ }
.
Proposition 4 $L^{2}(E)$ $O(E)$ $SL_{2}|(\mathrm{R})$
$L^{2}(E)^{O(E)}$ $SL_{2}(\mathrm{R})$ .
$v(\xi)=e^{-\pi\langle\xi,\xi\rangle}$ $(\xi\in E)$




. $L^{2}(E)^{O(E)}$ unitary lowest weight , $v$ weight
$\kappa/2$ lowest weight vector . , $v$ Gauss
.
1.9 $\phi$
, $\phi$ lattice . $\Gamma$ . $L\subset E$ $\langle L, L\rangle\subset \mathrm{Z}$
lattice . dual lattice $L^{*}=\{\xi\in E|\langle\xi, L\rangle\in \mathrm{Z}\}$
. $L\subset L^{*}$ .
test $\varphi\in S(E)$
$\phi(\varphi)=\sum_{\xi\in L}\varphi(\xi)$
$\phi$ : $S(E)arrow \mathrm{C}$ . theta distribution .
Lemma 5 , $\gamma\in\Gamma$ $\chi(\gamma)\in U(1)$ ,
$\phi(R(\gamma)\varphi)=\chi(\gamma)^{-1}\phi(\varphi)$
.
$\Gamma$ , ($T$ )
lattice $\phi$ . $S$




$(E, \langle\cdot, \cdot\rangle),$ $L\subset E$ .
$F$ $:=\mathrm{R}^{2}$
. $=\mathrm{R}e_{1}\oplus \mathrm{R}e_{2}$ symplectic form $\langle e_{1}, e_{2}\rangle_{F}=1$
symplectic . $E_{0}:=F\otimes_{\mathrm{R}}E$ $\langle\cdot,\cdot\rangle_{0}$ $:=\langle\cdot,\cdot\rangle_{F}\mathrm{x}\langle\cdot,\cdot\rangle$
$E_{0}$ symplectic . $E_{1}:=\mathrm{R}e_{1}\otimes E\subset E_{0}$ , $E2:=\mathrm{R}e_{2}\otimes$
$E\subset E_{0}$ $E_{1},$ $E_{2}$ $E$ Lagrangian , $E_{0}=E_{1}\oplus E_{2}$
.
lattice . $L_{1}:=e_{1}\otimes L^{*}\subset E_{1},$ $L_{2}:=e_{2}\otimes L\subset E_{2}$
lattice . { $L_{0}:=L_{1}\oplus L_{2}\subset E_{0}$ self-dual lattice
. $L_{0}\cap E_{2}=e_{2}\otimes L\cong L$ .
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Heisenberg $N:=E_{0}\ltimes \mathrm{R}e_{0}$ . $N$ $E_{0}$
, $(\xi+te_{0})$ ($\eta+$ e0) $=(\xi+\eta)+$
$(t+t’+\langle\xi, \eta\rangle_{0}/2)e_{0}$ . $N$ $N_{1}:=E_{1}\oplus \mathrm{R}e_{0}\subset N$ ,
$L_{0}^{l}:=L_{0}\oplus \mathrm{R}e_{0}\subset N$ . . (1 unitary ) $\chi$ :
$N_{1}arrow U(1)$ $\chi’$ : $L_{0}’arrow U(1)$ $\chi(\xi+te_{0})=e^{2\pi\sqrt{-1}t}$
$\chi’((e_{1}\otimes\eta)\oplus(e_{2}\otimes\xi)\oplus te_{0})=$ ( 1) $\langle\xi,\eta\rangle e2\tau\tau\sqrt{-1}t$ with $\xi,$ $\eta\in E$ .
2.2 Heisenberg ( )
, $\mathrm{I}\mathrm{n}\mathrm{d}_{N_{1}}^{N}(\chi)$ $\mathrm{I}\mathrm{n}\mathrm{d}_{L_{0}}^{N},$ $(\chi’)$ ,
( $N$ )intertwining .
$N$ unitary , central character $\chi(te_{0})=$
$\chi’(te_{0})=e^{2\pi\sqrt{-1}t}$ , unitary (Stone-von Neumann
). intertwining $\Phi$ : $\mathrm{I}\mathrm{n}\mathrm{d}_{N_{1}}^{N}(\chi)arrow \mathrm{I}\mathrm{n}\mathrm{d}_{L_{\acute{0}}}^{N}(\chi_{\vee}’)$ ,
$\Phi(\varphi)(\xi+te_{0})=\sum_{\eta\in L_{0}/(L_{0}\cap E_{1})}\varphi((\xi+te_{0})\eta)$
, $N$ equivariant ,
.
, $SL(F)=SL_{2}(\mathrm{R})$ $E_{0}=F\otimes E$ .
Heisenberg $N$ ( $Re_{0}$
). $N/N_{1}\cong E$ , $1\mathrm{n}\mathrm{d}_{N_{1}}^{N}(\chi)\cong L^{2}(E)$
. We $(R, L^{2}(E))$ $g\in SL_{2}(\mathrm{R})$
$R(g)$ : $\mathrm{I}\mathrm{n}\mathrm{d}_{N_{1}}^{N}(\chi)arrow \mathrm{I}\mathrm{n}\mathrm{d}_{N_{1}}^{N}(\chi)$ N- .
We , Q1.6
.
, $SL_{2}(\mathrm{Z})\subset SL_{2}(\mathrm{R})$ $E_{0}$ lattice $L_{0}$
$\Gamma=\{\gamma\in SL_{2}(\mathrm{Z})|\gamma(L_{0})=L_{0}\}$
$SL_{2}(\mathrm{Z})$ . $\gamma\in\Gamma$ $\gamma$
( $N$ ) intertwining $R’(\gamma)$ : $\mathrm{I}\mathrm{n}\mathrm{d}_{L_{\acute{0}}}^{N}(\chi’)arrow$
$\mathrm{I}\mathrm{n}\mathrm{d}_{L_{\acute{0}}}^{N}(\chi’)$ .
$\Phi\circ R(\gamma)$ $R’(\gamma)0\Phi$ 2 intertwining
, Schur 2
. $\chi(\gamma)\in U(1)$ , $R’(\gamma)\circ\Phi=\chi(\gamma)\Phi\circ$
$R(\gamma)$ . test $\varphi\in S(E)$ apply $\Phi(\varphi)(\gamma^{-1}\xi)=$
$\chi(\gamma)\Phi(R(\gamma)\varphi)(\xi)$ . ( , delta pairing ,
$\xi=0$ , $\phi(R(\gamma)\varphi)=\chi(\gamma)^{-1}\phi(\varphi)$ .
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. $R(g)$ lattice
Fourier , $R’(\gamma)$ $\gamma\in\Gamma$ lattice
$E$
. intertwining $\Phi$ (Schur !)
modular .
2.3 Remarks






reductive dual pair .
Howe reductive dual pair [H] $Sp(E_{0})$
We 1 $SL_{2}(\mathrm{R})\cross O(E)$ , $SL_{2}(\mathrm{R})$ $O(E)$
. , $O(E)$ $SL_{2}(\mathrm{R})$ lowest
weight $\kappa/2$ lowest weight . theta
theta .
$F=\mathrm{R}^{2}$ $fl^{\backslash },nx^{d}$ symplectic vector space
, $SL_{2}(\mathrm{R})=Sp_{2}(\mathrm{R})$ $Sp(F)=Sp_{2n}(\mathrm{R})$ & 1
. Siegel .




$(E, \langle\cdot, \cdot\rangle)$ positive definite
, $\langle\cdot, \cdot\rangle$ $(2+, 1-)$ (
$O(E)=O(2,1)$ ) . lowest weight
. .
Lie (Q1.7 $dR(Z)=\sqrt{-1}dR(J_{0})$ )
. oscillator
( [ ]).
\S 1.4 covariant map $v_{\tau}$ : $Harrow V$
. lowest weight vector $v\in V$ $v_{\tau}=y^{-\kappa/2}(R(b(\tau))v)$ $|_{f}$
. $v_{\tau}$ $V$ $\tau$
, . $\Gamma\backslash H=(\Gamma\backslash G)\mathrm{x}$
$1SL_{2}(\mathrm{R})$ 2 $Sp_{2n}(\mathrm{R})$ 2
( $=\mathrm{m}\mathrm{e}\mathrm{t}\mathrm{a}\mathrm{p}\mathrm{l}\mathrm{e}\mathrm{c}\mathrm{t}\mathrm{i}\mathrm{c}$ ) .
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$H=(\Gamma\backslash G)\mathrm{x}_{G}(G/K)$ ,
$\Gamma\backslash H=\Gamma\backslash G/K=(\Gamma\backslash G)\mathrm{x}_{G}(G/K)$
, . $v(\xi)=e^{-\pi\langle\xi,\xi\rangle}(\xi\in E)$
$v_{\tau}(\xi)=e^{\pi\sqrt{-1}\tau\langle\xi,\xi\rangle}$ . [LV] .
[W] .
[ ] . [Wa]
. [A]
.
. modular (affine Lie ,
, Virasoro , . . .)
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